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Event-Triggering Containment Control for a Class
of Multi-Agent Networks With Fixed
and Switching Topologies

Wenbing Zhang, Member, IEEE, Yang Tang, Member, IEEE, Yurong Liu, and Jiirgen Kurths

Abstract— This paper investigates the event-triggering contain-
ment control of multi-agent networks with fixed and switching
topologies, where there exist interactions between the leaders.
Two cases are studied, respectively: One is that the leaders are
opinionated. Then each leader will converge to its initial goal and
the followers converge to the convex hull formed by the leaders.
The other is that the leaders are not opinionated. Then the
leaders will not insist on their initial goals and converge to some
compromising states due to the interactions among them, while
the followers still converge to the convex hull formed by the lead-
ers. By means of pull-based event-triggering control, the event-
triggering containment control problems of multi-agent systems
with fixed and switching topologies are investigated, respectively.
Finally, simulations are given to illustrate the theoretical results.

Index Terms— Containment control, event-triggering control,
multi-agent systems, sampled-data control.

I. INTRODUCTION

ECENTLY, collective behaviors of multi-agent systems

have received increasing interests due to their broad
applications in biological systems, Unmanned Air Vehicles,
robotic systems and various other fields (see [1] and the
references therein). In the past decade, plentiful results on
cooperative control problems of multi-agent systems have
been reported, e.g., consensus [2], [3], synchronization con-
trol [4], [5] and containment control [6]-[9]. During the past
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decade, containment control has arisen increasing research
attention due to its wide applications. For instance, in UAV,
a group of agents move from one target to another when
only a portion of the agents is equipped with necessary
sensors to detect the hazardous obstacles such that the agents
who are not equipped will stay in a safety area formed by
the equipped agents [8]. Thus, it is necessary to investigate
the containment control problem of multi-agent systems with
multiple leaders, which means that the followers will converge
to the convex hull formed by the multiple leaders. In [7],
a stop-and-go strategy was proposed to drive a collection
of mobile agents to the convex polytope spanned by multi-
ple stationary/moving leaders. The problem of containment
control was investigated for a group of mobile autonomous
agents with multiple stationary or dynamic leaders under
both fixed and switching directed network topologies in [6].
It should be noted that, in the above mentioned works on
containment control of multi-agent systems, it is assumed that
there are no interactions between the leaders. However, in
practice, the interactions among the leaders will influence our
emotions, opinions, and behaviors [10], [11]. Usually, Due to
the interactions among the leaders, there exist two cases for
the leaders: 1) Leaders are opinionated: the leaders have their
own decisions (goals) before discussion and they will insist on
their original decisions (goals). For the followers, as they learn
the information from the leaders through the communication
graph, the followers will make their final decisions determined
by the leaders and the communication topology. 2) Leaders are
not opinionated: the leaders have their own decisions (goals)
before discussion. Due to the interactions among the leaders,
the leaders may have some compromises and they will make
their decisions relying on other leaders’ original goals and their
own ones, while the followers still converge to the convex
hull formed by the leaders. Therefore, it is of paramount
importance to investigate the containment control of multi-
agent systems, in which there are communication links among
the leaders.

In the past years, some results have been reported on
containment control of multi-agent systems [12], [7]-[8].
However, in [12], [7]-[8], there is a common assumption
that the information of each agent can be transmitted through
the communication network continuously. As shown in [13],
communications in practical networks may be subjected to
various constraints and thus the continuous communication
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is not practical. Nowadays, controllers are implemented on
digital platforms equipped with small embedded microproces-
sors capable of running real-time operating systems, since
digital control can reduce the deployment cost of complex
control systems. Hence, in order to mitigate the communi-
cation resources, event-triggering control schemes have been
proposed for numerous systems such as networked control
systems [14]-[16], wireless networks [17] and multi-agent sys-
tems [18]—-[22]. For instance, in [15], the event-triggering Hyo
control was investigated for discrete-time networked control
systems, where a new random process was first developed
to model the input data sequence of the controller under the
effect of the buffer. Furthermore, in [16], a novel polynomial
event-triggered scheme was first proposed to determine the
transmission of the signal and then the event-triggering fault-
detection problem was investigated.

On the other hand, there are some results on event-triggering
containment control of multi-agent systems [23]-[25].
In [23]-[25], each node uses the information of its local
neighborhood at their latest triggered instants, which can be
regarded as a special kind of push-based event-triggering
mechanisms [26]. It can be seen that when implementing this
event-triggering mechanism, one needs to monitor whether
the state of its neighbors is updated. In this paper, inspired
by [26], a pull-based event-triggering mechanism will be used
to investigate the containment control of multi-agent systems,
where an agent does not update its control law when the
state of its neighbors is updated. In addition, due to the finite
interaction region of sensing devices, many dynamical sys-
tems may suffer from a few unpredictable structural changes,
such as random failures and repairs of sudden environment
disturbances [27]-[30]. For example, the authors in [27], [29]
have pointed out that the switching phenomenon cannot be
overlooked in networked control systems. Thus, the topology
of networked multi-agent systems may exhibit switching phe-
nomena and it is important to investigate the event-triggering
containment control of multi-agent systems with switching
topology. However, to the best of our knowledge, the event-
triggering containment control for multi-agent systems with
switching topology is still an open issue primarily due to the
difficulties in handling the coexistence of multiple network
topologies and event-triggering mechanisms.

Based on the above discussions, in this paper, we aim
to investigate the containment control of multi-agent net-
works with fixed and switching topologies. Based on the
pull-based event-triggering control, containment problems of
multi-agent networks with fixed and switching topologies
are investigated, respectively. The main contributions of this
paper are listed as follows: 1) Compared with the well-
studied results on containment control problem of multi-agent
networks [6], [31], [7]-[8], an event-triggering protocol is
presented to solve the containment control problem of multi-
agent networks, where there exist interactions among the
leaders. In addition to this difference, two cases are considered,
respectively: one is that the leaders are opinionated and the
other is that the leaders are not opinionated. 2) Compared
with the existing results on event-triggering containment con-
trol problem of multi-agent networks [23]-[25], a pull-based

event-triggering protocol is presented to solve the contain-
ment control problem of multi-agent networks with fixed and
switching topologies, respectively, where each agent does not
need to update its control law when the state of its neighbors is
updated. In addition, the event-triggering containment control
problem of multi-agent systems with switching topology is
also investigated.

Notations: N denotes the natural number. For x € R”, xT
denotes its transpose. The vector norm is defined as ||x| =
~xTx. I, denotes n-dimensional identity matrix. For matrix

A € R JA| = +/Amax(AT A), where Amax(-) represents

the largest eigenvalue.

II. PRELIMINARIES

In this section, some basic concepts and model formulation
are introduced.
Consider a group of N agents given by

)'Ci(l‘)zui(t), i=12,...,N (1)

where x; () € R" and u;(t) € R" are, respectively, the position
and the control input. Without loss of generality, in this paper,
we suppose that the agents labeled by 1,2,..., N — m are
followers and the other m agents are leaders. £ and F denote,
respectively the set of leaders and followers.

In the following, we firstly focus on the containment control
problem of multi-agent networks with event-triggering control.
Next, we will extend the result of containment control of
multi-agent systems with fixed topology into the case of
switching topology in Section III-B. The network topology
of our considered multi-agent system with fixed topology is
defined as follows: denote by G = (V, &, A) the directed graph
with order N, where V = FUL is the set of nodes, £ = (i, j) :
i, j € Vis the set of edges, and A = (a;;)nxn is the weighted
adjacency matrix. An edge of G is represented by a pair of
distinct nodes (j, i) € £, where node i can receive information
from node j. N; = {j € V|(j,i) € &} denotes the set of
neighbors of node i and |N;| stands for the cardinality of N;.
A directed path in a graph is a sequence ig, i1, . . ., i; of distinct
nodes such that (i;,,i;,—1) € €, 11 = 1,2,...,1. A directed
graph has a directed spanning tree if there exists at least one
agent that has a directed path to every other agent. The in-
degree of node i is defined as d; = » a;; and the diagonal

eN;
in-degree matrix is defined as D j: diag{di, do, ..., dn},
i =1,2,..., N. The Laplacian matrix of the weighted graph
G is defined as L = D — A. It is well-known that L has
at least one zero eigenvalue with a corresponding eigenvector
1y, where 1y is an N x 1 all-one column vector.

Consider the following pull-based event-triggering protocol

with fixed topology: when ¢ € [t,i, t,i )

N
wi@®)y=p4 D aj@i)—0;t)) +7t).i € L,

j=N-m+1

N
ui(t) = —h > aij(xi(t) — x;(t).i € F ©)
j=1
where y > 0, f > 0, h > 0 are the control gains. g;; is the
element of the interaction topology G. 9;(¢) = r; — x;(¢t) and
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r; is the desired objective state. t,i (t(i) = 0) is the triggering
instant to be determined according to the following event-
triggering function:

thy =inf{t > t; : f; > 0}, k €N, A3)

where f; is the triggering function that will be given in the
end of this section, as some variables in f; will be provided
later on.

Remark 1: Recently, event-triggering containment con-
trol problems of multi-agent systems have been investi-
gated in [23]-[25]. Compared with these results, our results
have some differences in both network topology and event-
triggering strategy:

1) The difference in network topology: In [23]-[25], the
event-triggering containment control problem was inves-
tigated for a class of multi-agent systems with fixed
topology. However, in this paper, both fixed and switch-
ing topologies are considered, which means that the
topology considered in our paper is more general than
the one in [23]-[25]. In addition to this major difference,
two different cases are considered here, respectively: one
is that the leaders are opinionated and the other is that
the leaders are not opinionated.

2) The difference in strategy: Different from the exist-
ing results on event-based containment control problem
of multi-agent systems [23]-[25], where the triggering

mechanism is in the form of u;(r) = . a;;[(x;(r) —
JjeL
hjp)—@Ri()=h)),i e Landu;(t) = D a;(X;()—
jeLUF

Xi(2)),i € F, where x;(t) is the latest broadcasting states
of agent i, i.e., X;(f) = x,-(t,i),t € [t,i,t,iJrl). In other
words, the event-triggering mechanism in [23]-[25] can
be rewritten as: when ¢ € [t,i, t,i )

ui(®) = D" ailCxj@)) = hj) = itf) = hi)lsi € £,

jeL
wi@)= D aylx;@)) —xi@)lieF
jeFUL
where k' = arg min {r — t,{;}, while our event-

meN, ), <t,jeN;
triggering mechanism in (2) can be regarded as the

following form (y = 0): when 1 € [1}, 1}, )

wi(t) = D" ail(x; @) — hy) — i) —h)l,i € L,
jeL

wi@)= D ajllx;@) —xiDl,i € F,
jeFUL

The triggering mechanism used in [23]-[25] can be
regarded as a kind of push-based event-triggering mech-
anisms and the triggering mechanism in (2) is a kind
of pull-based event-triggering mechanisms [26]. In the
push-based event-triggering mechanism, each node uses
the information of its local neighborhood at their lat-
est triggered instants. In the pull-based event-triggering
mechanism, each node uses the information of its local
neighborhood only at the latest time of specific event of

the node itself, i.e., the event-triggering controller in (2)
will remain unchanged until its next triggering instant
comes.
Denote by () = (51{,7erl ®,..., (5{,(Z))T for conve-
nience. Clearly, the Laplacian matrix of the multi-agent system
in (2) can be partitioned into the following matrix:

L L>
L =
[O)n X (N—m) L3i|

where L) € R(N—m)x(N—m)’ Ly € R(N—m)xm’ Ly € Rmxm,
Denote by G, the interaction topology among the leaders.
It is easy to see from the structure of L that L3 is the
Laplacian matrix corresponding to G,. The main purpose
of this paper is to present an effective pull-based event-
triggering protocol such that the containment control problem
of the multi-agent system in (1) can be solved. The following
assumption, definitions and lemmas are needed to derive the
main results of this paper.

Definition 1: Let C be a set in the real vector space
V C R”". The set C is called convex if, for any x and y
in C, the point (I — z)x + zy is in C for any z € [0, 1].
The convex hull for a set of points X = {xi,...,x,} in
V is the minimal convex set containing all points in X.
We use Co{X} to denote the convex hull of X. In particular,

p p
Co{X}={D aixilxie X,a0; 20 R, > a; = 1}.

Deﬁnitioln_IZ: The containment controllﬁrloblem of the multi-
agent system in (1) with the event-triggering protocol in (2)
is said to be solved, if each leader can track the desired state
r; and the followers can converge to the convex hull formed
by the leaders.

Definition 3: For Case 2) (y = 0): The containment
control problem of the multi-agent system in (1) with the
event-triggering protocol in (2) is said to be solved, if
lim; s yoo 1% (¢)) —1i —x; () +rjll = 0,i,j =N —m+
1,..., N, and the followers can converge to the convex hull
formed by the leaders.

Assumption 1: The directed graph G has a united spanning
tree if G, has a directed spanning tree and for each follower,
there exists at least one leader that has a directed path to the
follower.

Lemma 1: [6] L is invertible if and only if Assumption 1
is satisfied in the directed graph G. Moreover, each element of
_L1_1L2 is nonnegative and each row of _L1_1L2 has a sum
equal to 1.

In the following, we will give some denotations, which are
divided into three parts for easy derivations.

Part I: For each agent i, we define the measurement errors
and their vectors as follows:

ei(t) = xi(t) — xi(t),t € [t} t},)),i € F

eij (1) =xj(t}) — xj(t),t € [t} t},)),i € F,j € N;

&i(t) = (e}, (1), ..., el 1y (), el @), . el (@) ieF
er(t)y =@l @),...,e5_, )"
er@) = (el @),...,el )T

€)=diy) —oi(),i €L
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€ij(t) =0;(t)) —0;(t),i € L, j € N;

&) = (Gi]EmeJr])(t)a ces fiT(iq)(t)

ey s ey @) i e L
Ec(t) = @1 @), e )T
€£(t) = (€q_pmp1 (s eq )T

where ¢;(¢) and ¢;; (¢) denote, respectively, the measurement
errors of agent i and agent j in the followers’ network;
€;(t) and €;;(¢) denote, respectively, the measurement errors
of 6;(t) and 6;(¢) in the leaders’ network. The vectors
ei(t),er(t),er(t),€(t),ér(t) and €, (¢) are presented here
for easy derivations.

Part II: For i € F

al = (@i, .., Gi(i—1), @i(i+1)> - --» AiN), 1 € F
Ar =diagla, ..., al_,}
df = > aj, Dy =diagld{ ,....d5_,)

JEN; ieF

F F\ o F o F
diax = max{di b diin = I.nm{di }
ieF ieF

F _ 2 F  _ F
bi - Z aij’ amaX - Ilré%-)—({bl }
JEN; ieF
F i F
a’. = min{bi }
min 16.7: 1
T T T T
xF(t) = (xp (1), x5 (1), ..., xy_, (1))
where dnfax and drfin denote, respectively, the maximum and

minimum values of the in-degree of nodes in followers’
network. xr(z) is the vector form of the followers’ states,
and the other variables are given for easy derivations.

Part III: Fori € £

L .
a;” = (@i(N-m+1)» - - ..,aiN), i €L

Ag = diaglak_,,. 1, ...

<5 Ai(i—1)5 Ai(i+1)5 -

L
’aN}

L ; L L
df = > aj, D = diag{dy ..., dy}
JEN;,iel
L Ly 4L i (gL
dipax = max{d;"}, diy, = min{d;~}
iel iel
L 2 L L
bi = Z Ajjs Amax = r}gg({bi }
JEN;,iel
L o (hL
Amin = I.nln{bi }
iel
T T T T
x2() = Oy a1 @) Xy_pyin(0), .o, Xy (1))
where d~  and drﬁin denote, respectively, the maximum and

minimum values of the in-degree of nodes in the leaders’
network. According to the above denotations, the protocol in
(2) can be rewritten as

ui(t) =" aij(6i(t) — 3; (1) + (1) — € (1))
JjeL
+7v0i(t)+yei(t),i € L,
N
ui(t) = — hzaij(xi(f) —xj(t) +ei(t) —eij(1),i € F.

j=1
“)

In view of (1) and (4), we have:

dny=—p ((La + %Im) ® In) 0(t) — f(Dr @ In)ec(t)
+L(AL ® In)ép(t) — yer(r). Q)

It can be seen from Lemma 1 that under Assumption 1, each
row of —Lfle has a sum equal to 1. Hence, in order to
investigate that the followers will converge to the convex hull
formed by the leaders, we denote the following denotations:

er(t) = xz(t) + (L7 Lo ® L)x (1)

and therefore, the containment control problem of the multi-
agent system in (1) with the protocol (2) can be transformed
into the stability problems of (5) and the following system:
—h(L1 ® In)x () — h(L2 @ Ip)x.(1)
—h(Dr @ In)er(t) + h(Ar ® I)ex(t)
+ (L7 Lo ® L) (o)
= —h(Li1 @ In)er(t) — h(DFr @ In)er(r)

+h(Ar ® I,)er(t) + (L] 'Ly ® 1), (t).  (6)

er(t) =

From Assumption 1 and the definition of (L3 + %), we know
that all the eigenvalues of —L; and —f(L3 + %) are in the

open left half plane. Then, according to the linear system
theory [32], there exists M > I,M > 1, p > 0, and p > 0
such that

Hefh(L]@I,l)(tft())” SMe*p(tfto). 7

oA rp)en) oy jgepe-w )

III. MAIN RESULTS
A. Fixed Topology

In this section, the event-triggering containment control
problem of multi-agent networks with fixed topology will
be investigated. In the following, two different cases will
be investigated, respectively: 1) Leaders are opinionated,
i.e., y > 0 is considered in (2) and (5); 2) Leaders are not
opinionated, i.e., y = 0 is considered in (2) and (5). For
case 1), we will present the following theorem:

Theorem 1: Consider the multi-agent system in (1) with the
protocol (2) with y > 0. Suppose that Assumption 1 holds
and event-triggering function is given as follows:

fi = a7 lle: )| + b7 16 ()|l — picae @)
— (1 —gi)cie™ ™™, i e F,
fi = (@F + )l @l + bEIIE @) | — aicre @)
— (1= gi)ecre ™ ieL ©)

in which0 <c¢; <¢,0<p; <1,i=1,2,...,N,and 0 <
o < min{p, p}. Then, each leader x; () will track the constant
objective r;, and the followers will converge to the convex
hull formed by the leaders. Moreover, the final positions of
the followers are given by —(Lfle ® L)x,(1).

Proof: In the following, we will divide the proof into
two steps. Firstly, we show that each leader x;(¢) will track
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the constant objective r;. Secondly, we aim to prove that all
the followers will converge to the convex hull formed by the
leaders.

Step I: In this step, we aim to show that each leader x;(¢)
will track the constant objective r;. It can be obtained from
(5) that

t
5(t) = e<05(10) — 8 / Dy ® I)er(s)
fo

t
~(Ae® LE6)ds 7 [ e epds
1o
(10)
where ¢ = (L3 + %Im) ® I,. In view of (8) and (10), we
have

- —_ t -
15| <Me =) 5(r0) || + M / e PIID
1o
x lec () + 1ALINEL(s)I11ds

t
+yM/ e P e (s)llds. (11)
fo

In the following, the purpose of the subsequent manipulations
is to find the upper bounds of each term in (11), which would
allow to conclude that 6(¢) vanishes as t — oo and therefore
we can show that each leader x;(t) will track the constant
objective r;.

For t € [t,i,t,iJrl), i € L, the triggering function in (9)
enforces that

eI <(1 — i)cre 0 4 picpe™ =10
< (1= 0i)e2e™ 170 4 gicpe™ =)

= cpe” 710, (12)
It can be obtained from (12) that
yllec @l < /meye 070, (13)

In addition, for ¢t € [t,i, t,i 4+1)»1 € L, the triggering function
enforces

dFllei ()]l < coe™ =), (14)
Hence,
N
> @H eI < meze ), (15)
i=N—m+1
From (15), it yields
d,C
i llec )] < "By /me 1), (16)
min
Similarly
c
. a —al—
afalEc (D)) < 22y /me 10, (17
min
It can be obtained from (16) and (17) that
1D ® Inllllec)Il + 1Az @ Lnllll€c ()l
= dillec ()] + afp lEc o))
<iccyy/me™ 70 (18)

- al  d-
where ¥ = 2 max {3, %}.
a

min min

In view of (11), (13), and (18), we get
[5() | <Me PU=)|5(10) |

t -
+czﬂMkﬂ/ e PU=3) gmals—10) g
0]

t -
+czﬂ1\7l/ e PU=3)gals—10) g (19)
fo

From (19), we get

16| <P (M||5(to)|| _ QfMEYm + crymM )
p—a
_ efa(tfto) _ efa(tfto)
v epomitiei Y e
p—a p—a
20)

It is easy to see from (20) that as t — oo, d(t) — 0. Hence,
each leader x;(¢) can track the constant objective r;.

Step II: In this step, we will prove that the followers will
converge to the convex hull formed by the leaders.

From systems (5) and (6), one gets

t
er(t) = e MBI 2 (1) — h/

fo
x [(DF @ In)ex(s) — (Ax @ Ip)er(s))ds

1
+/ e MBI =) (L1 @ I,)if(s)ds
fo

e_h(L1®In)(t_S)

t
— e*h(Ll®1n)(t7t0)g}-(t0) _ h/ e*h(ld@[n)(tfs)

fo

X [(DF ® In)er(s) — (Ax @ In)éx(s)]|ds

+p / MO (LT L @ 1) [£00)

+ (D?@ L)ec(s) — (Ag ® I)éL(s)) |ds

+y /1 e_h(L1®I")(’_S)(L1_1L2 ® In)eg(s)]ds
fo

2y

where the second equality is satisfied since 1. (f) = —5(¢). In
view of (7) and (21), we have

t
ler@)] <e?TOMer o)l +hM | e ?[|IDg]
1o

« e + 1AF 127 ]ds
t
+BILT Lo M / P28 (s)]
1o
+IDLllec )]+ 1AL (s) ] ds

t
+y ML Lo / e P e ()l ]ds. (22)
]

Similar to the proof of (18), we have for 7 € [t,i, t,iH), ieF

IDENler @) + IAFIIER)]
=dZ NeL )| + ato IEF )]

<o/ N — me (=10

ar  dr
where x = 2 max {5, %}.
a

min min

(23)
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In addition, from (20) and noting that e (1) < e=a(t=t0)
we can obtain

—a(s—tg)
16(s) 1| <Me*C~ |5 (10) 1| + c2p/m fo
7a(s —10)
+02«/—M —
— T —(X(S Io) (24)

where T = M||5(z0)||+02ﬂ@‘+ﬂ"2. From (23) and (24),
it follows from (22)

t
leF (@) <Me”0 e £ ()| + hM / o p =) [dnfm
]
X llex ()1l + amax||e}'(s)||:|ds + BM|ILY 'Lyl
t
x/ e PUm =t |1 + ie/mes |ds
]

t
+ M||L1_1L2||/ e P96 fer)ds
1o
(25)
From (22) —(25), one has

leF()Il <Me”U~0) |le (1)
t
+ cohMr~/N — m/ e~ P=5) g=a(s—10) g ¢
0]
ﬁcz)
B

+BMIILT Lyl (||C||T + k/mey +
X /t e_p(t_s)e_a(s_t())ds_ (26)
1o

By means of (26), one gets

Cc2

leF @) <e Pt (M||€]-'(f0)|| —hMr~v' N —m

BMILT Lol (IC1 + Vimeak + L5
. —
+ea(,t0)(c2th\/m
p—a
BMILT Ll (11 + &y/mes + L522)
+ e

27)

From (27), we know that as t+ — oo, ex(f) — 0 and
therefore the final positions of the followers converge to
—(Lfle ® I,)x,(¢). In addition, from Lemma 1, we know
that each element of the matrix —Lfle is nonnegative and
each row of —Lfng has a sum equal to 1. Thus, from
Definition 1, we can conclude that all the followers converge
to the convex hull formed by the leaders. ]
Theorem 2: Under the assumptions in Theorem 1, the event-
triggering algorithm in (9) with the updating rule (3) will not
exhibit Zeno behaviors.
Proof: We first show that Zeno behaviors can be avoided
in the leaders’ network and then by repeating similar steps,

J J .
tk/ tk// ]GNZ
U]

T
iy, t tk+1 7

Yy

Fig. 1. Relationship between kK and k"

we can prove that Zeno behaviors can be avoided in the
followers’ network.

Fori € L and ¢t € [t,i,t,iH), we have ¢;(t) = —5i(t) =
ui(t,i). By considering ¢; (t,i) =0, we get

I .
()] < / e ds. (28)
i

From (5), (13), (18), and (24), we get
llui (D) <15@) I

<PlILs + ﬁl w61 + Bl Dellllec ]

+BIALINELDI + 7 llec Ol
e—alt—10)

<M [18(0) e + o f/mMi——

p—a

+ eapfmie o)

7(1(! t0)

+ co/m y p—
+ co/me “(’ ’0). (29)
Denote

c mM¥i
ylziﬁpf oo

Czpr + c2f/mi

and noting that e~#(—%) < e’“(’i’m),t €[, t,iH), then, the
following inequality holds from (28) and (29):

lei I < N DI — 1))
< (t = tH[y1e U + M2 10(o) [l ]

< 2t — t))ppe G (30)

where 72 = max{y1, M| [|[9(t0) ).

. . i j "
For i € L, let k = arg min {t, —tph Kk =
peNti>t], jeN;
arg min {t — t},}. One can better understand k and
meN, ), <t,jeN;
" .
k from Fig. 1
Mj(l‘]f//), t> tj//a
uj(t]i//_l), tE 1’ //)

é,‘j (l) = (31

“ey

(4] J
uj(t,), te[tk,tkH)

Similar to (29), for K <p< k//, t
we have

i i
€1}, tp+1) Nl g )

lluj ()| <2p2e=*C—10)

<Dype= =10 (32)
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Hence, for t € [t,i, t,iH), it can be seen from (32) and Fig. 1

leij (DI = IIMj(t]f,/)(t — t]f,/)
(4] Jo_ 4
+uj (tk”—l)(tk” tn )
+ ...
(1IN 4
Fuj) @ =l
<2pa(t — t)e "), (33)
From (33), we obtain

1€ (D)1 < 2/ TN Iya(t — t)e i),
In addition, from (30) and (33)
dllei (Ol + bENE )|
L L - i, —o(ti—to)
5[2di y2 + 2b;7\/|N; |V2](t — e T

(34)

(35)

Note that cje=*(—10) < (1 — p;)eje =10 4 picpe—?—10),
Hence, the next event will not be triggered before dl-ﬁ lle: ()1l +

bi£||E,- ()| = c1e~(~10) ig satisfied. Hence, a lower bound on
the event intervals is given by r = t — #; that solves the
equation

c1e™" = [2dFy2 + 25 \/IN;[y2]z. (36)

We are now in a position to prove that the solution of (36) is
strictly positive. Let

g(t) =cre™*" — [Zdl-ﬁyz + 2bf,/|Nj|y2]r.

Then §(z) = —acie %" — 2d%y, — 2b%/IN;Iy2 < 0, which
means that g(7) is a strictly decreasing function. Since g(0) =
c1 > 0, we obtain that the solution 7 of g(7) is strictly positive,
which means that Zeno behaviors in the leaders’ network
can be avoided. Similarly, we can show that Zeno behaviors
can be avoided in the followers’ network. This completes the
proof. ]

Remark 2: In this paper, a pull-based event-triggering pro-
tocol is developed to solve the containment control problem
of multi-agent networks, in which each agent updates its state
when an exponentially decreasing threshold is reached. The
advantage of the triggering function is to enforce the sum of
each agent’s state error and it’s neighbors’ errors to be less than
the prescribed threshold p;cpe™*¢=0) 4 (1 — p;)cre™* =0,
which plays an important role in proving the exponential
convergence. Different from the triggering function proposed
in [20], where each agent share the same triggering function,
in this paper, each agent does not share the same triggering
function, which extends the triggering function in [20] into a
more general case.

Remark 3: In some cases, the network topology may be
nonlinear [33], [34]. In addition, in practice, noises or dis-
turbances widely exist in many practical systems [35]-[37],
and therefore it is interesting to investigate event-triggering
containment control of multi-agent systems under noises or
different topologies. However, as the main purpose of this
paper is to investigate the event-triggering control of multi-
agent systems, we do not consider noises or disturbances
here and we will consider them by using the methods
in [35]-[37], [33]—-[34] in the near future.

Theorem 3: Consider the multi-agent system in (1) with the
protocol (2) with y = 0. Suppose that Assumption 1 holds
and the triggering function is given as follows:

fi = df e )l + b7 16 (0)]| — 0icre 0
- (1 - Ql’)cleia(tit()),i S f’

fi = dFle @) + bEIE ()] — gicoe ™)
—(1 - Q,-)cle_a(’_")),i e L.

Then, under the updating rule (3), we have lim;_, o ||x; (t) —
ri —xj@t)+ril - 0, j=N-m+1,...,N), and
the followers will converge to the convex hull formed by
the leaders with the final positions —(Lfle Q I))xr(1).
In addition, Zeno behaviors can be avoided.

Proof: The proof is similar to the proof of Theorem 1 and
is omitted here. [ ]

B. Switching Topology

In Theorems 1 and 3, the event-triggering containment
control problem is investigated for multi-agent systems with
fixed topology. However, in practice, due to the finite inter-
action region of sensing devices, link failures or creations
in an interaction network might exist [38], [39]. Hence, it
is of great importance to investigate containment control of
multi-agent systems with switching topology. The switching
topology of multi-agent systems is defined as follows: Let
G = {G',...,G"} denote the set of all possible directed
interaction graphs for the network of all the agents. In this
paper, without loss of generality, we assume that interaction
graphs and weighting factors change only at discrete times f,
where {f;} is an infinite sequence satisfyingty <t <t < ....
Denote by G(¢) the network topology of the switched multi-
agent system at time ¢ and A(¢) = [a;; (1) Inxn is the weighted
adjacency matrix of the switched multi-agent system at time ¢,
where a;;(t) is the coupling coefficient from agent j to i at
time . Let a;; (1) = — Z}\]:l a;j(t). In order to investigate the
event-triggering containment control of the multi-agent system
with switching topology, we need the following definitions and
lemmas:

Definition 4: For some constant § > 0, the time-varying
G(¢) is said to have a d-spanning tree across the time inter-
val [Ty, Ty), if [fTTO1 A(s)ds]‘s has a spanning tree, where
A1)’ = laij (1)?] is defined as

aij (1)’ = [O’

aijj (t)5

aij(t) <0
aij(t) > 0.

Definition 5: For a given matrix A = [AlT AZT AZ]T,
the Hajnal diameter of A is defined as diam(A) =
max lAi —Ajlloo-

Now, we will introduce the definition of Hajnal’s inequality.

An N x N matrix B is called as a stochastic matrix if the matrix
B has a row sum of 1 and each element of B is not less than
0. The scrambling coefficient of a stochastic matrix B = [B;;]
is defined as

A(B) = nil,ilnzmin{Bij, By}
J
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Moreover, if A(B) > J, then we say A(B) is d-scrambling.
Then, we get that the following Hajnal’s inequality holds [26]

diam{AB} < (1 — 2(A))diam(B).

Lemma 2 ([26]) Let ®(t,1tp) be the solution matrix of
system x () = A(r)x(¢) initiated at fy. If the graph G(¢) has a
J-spanning tree across time interval [T7, T2), then ® (T3, T1)
is a stochastic matrix and it has a ¢'-spanning tree with & =
min{1, 8}e=N=DM(T2=T1) " \where M; is the upper bound of
la;j (), ie., |a;j(t)] < My,i,j =1,2,..., N. Moreover, the
diagonal elements @; ; (T», T1) > & holds foralli = 1,..., N.

Assumption 2: If there exist a positive constant 7 and time
sequence {7y} with T4 — Ty < T,k =0, 1, ..., such that the
leaders’ graph has a J-spanning tree across [Tk, Tx+1), and at
any time ¢, for each follower, there exists at least one leader
that has a directed path to the follower.

Then by repeating the similar steps as in (5) and (6), the
following two models can be obtained:

5= —p ((w) ; %zm) ® zn) 50 + PALD) ® 1)
. X Ep(t) = B(De(t) ® In)ep(t) — yer(?), 37
er(t) = —h(Li(t) ® I)er(t) — h(Dx(t) ® In)er ()

+h(AF(t) ® L)Ex(t) + (LT () Lo (1) ® L)k (1),
(38)

where £(t) = x£(¢) + (Lf1 (t)La2(¢) ® I)x (). For the case
of y > 0, it is easy to get that the containment control can be
obtained by using the switching system approach and repeating
the similar steps in Theorem 1. Thus, in what follows, we
mainly focus on the case of y = 0.

For y = 0, the following theorem can be obtained for
containment control of the multi-agent system in (1) with
switching topology.

Theorem 4: Consider the multi-agent system in (1) with
switching topology with X/l = 0. Suppose that Assumption 2
holds and #j4+1 — #x > th and the event-triggering function
is given as follows:

fi=d" Ol + l?,-f(t)uéi ()| — picre *—10)
— (1= g)ére™™ " i e F,
fi = @EOE DN +bF D& @] = dide™ ™)

— (1= p)é1e™000) i e (39)

< 1,i = 1,2,...,N,
0 <a <c¢ and ¢ = —In((1 - (5/)N*m)(N—I"’)T). M =
max,—1.2,. {Mp}, A = minp—12_ {Ap}. Ap, and M, are
defined as e "L1O®WE=1) < A=A U=1) ¢ € [1, tr41).
Then, under the updating rule (3), we have lim;_, o ||x; (t) —
ri —xj@t)+ril - 0,6 j=N-m+1,...,N), and
the followers will converge to the convex hull formed by the
leaders with the final positions —(Ll_l(t)Lz(t) R I)x, (). In
addition, the Zeno behavior can be avoided.

Proof- Let ®,(t,19) be the solution matrix of d(r) =
—B(L3(t) ® I,)0(t). Then, we have

where 0 < ¢; < ¢, 0 < p;

o) = @p(t,10)0(t0) — B | @r, )(Dels) @ In)es(s)
0]

— (AL(s) ® In)éc(s)lds. (40)

25

Eys(t
—— Ey(t)

1.5

0.5¢

ifr

0 5 10 15 20 25 30
t
(W)

Fig. 2. (a) State trajectories for E4s, E4 and Esq with fixed topology;
(b) State trajectories for & (¢) with fixed topology.

Due to the fact that for any #,¢ € R”, diam(y + ¢) <
diam(#x) + diam(¢’), we can obtain

diam(6(1)) <diam(® (7, 10)d(10)) + diam{p /I Dp(t,s)

x [(Dg(s) ® In)ec(s)
— (Az(s) ® In)éL(s))ds}.
According to [26], we can get that the product of ®(Tj41, Tx)
with length N —m is (¢')N~"-scrambling. For ¢ € [Tk, Ti11)
with k = | 7| +d, one has

(41)

diam(D (1, 1)) = diam(D (¢, Tx) DO (Tx, Tx—1) . ..
x © (T, To)®£(To, t0))

<(1 - @)Vl

! 1 \I
STy ((1 - (5’)N*’")<N—m>r) 0
1
STy ), 42)

Then by following the similar steps in [26] and Theorem 1,
we can get that lim; ., 1o [|X; (1) — 1y — x;(t) +rjll — O,
(i, j=N-—-m+1,..., N). As the interaction topologies only
change at the discrete-time times #; and at any time ¢, for
each follower, there exist at least one leader that has a directed
path to follower. Thus, we have L;(¢) is invertible. Then by
following the similar steps as in step II in Theorem 1 and the
switched system approach, we can conclude that the followers
converge to the convex hull formed by the leaders. [ ]
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Fig. 3. Graph topologies of Example 2.
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Fig. 4. (a) State trajectories for E45, E46 and Esg with switching topology;

(b) State trajectories for & r(¢) with switching topology.

IV. EXAMPLES

In this section, we present several simulation results to
illustrate the theoretical results derived in this paper.

28 /
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48
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42 /tk
e —aie g
t
(b)

Fig. 5. Event-triggering  instants f;  with

@t i=1,23®)t,i=456.

switching topology.

Example 1: In this example, we consider the case that the
leaders are not opinionated, i.e., y = 0 is considered. Assume
that the Laplacian matrix has the following form:

3 -1 0 -1 -1 O

o 3 -1 -1 -1 O
o -1 3 -1 0 -1
0 O 0 1 -1 0
0 o0 0o -1 1 0
0 0 0 0o -1 1

Let h = 025, p = 0.5, § = 0.5, and a = 0.3, and the
parameters ¢y, and ¢ are chosen as ¢ = 0.02, ¢ = 0.03,
respectively. p; are assumed to be i/(i + 1). The initial
positions of the three leaders are, respectively, [2, 1.5]7,
[3,2]7 and [1,2.5]" and the other parameters are the same
as Example 1. Denote Eq5 = ||x4(t) —ra — x5(t) + 715, E46 =
lx4(t) —ra —x6(t) +r6|l, and Ese = [lx5(t) —r5s — x6(t) + 1|l
Fig. 2 shows the state trajectories of Es5, E46, Es¢, and
&7 (t), which means that the three leaders don’t insist on their
initial goals and converge to some compromising states and the
followers converge to the convex hull formed by the leaders.

Example 2: In this example, the containment control of
multi-agent systems with switching topology will be con-
sidered. Suppose that the graph is time-varying from the
topologies given in Fig. 3. For any time ¢, if j is a neighbor
of i, then a;;(t) = 1, otherwise a;;(t) = 0. Assume that
T = 2, tgy1 — tx = 1, and the other parameters are the
same as the ones in Example 1. Then, Fig. 4 shows the state
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trajectories of Eys, Es, Es¢, and &x(tf) converge to zero
exponentially, which confirms our theoretical results well. The
event-triggering instants for the leaders’ and followers’ sets are
plotted in Fig. 5.

V. CONCLUSION

In this paper, the containment control problems of multi-
agent networks with fixed and switching topologies have been
investigated, respectively, where there exist communication
links between the leaders. With a time-dependent triggering
function, pull-based event-triggering control protocols have
been presented to ensure that the containment control of multi-
agent systems with fixed and switching topologies can be
solved. Simulations are given to illustrate the effectiveness
of our theoretical results. It is interesting to investigate how
to generalize the results in this paper into the finite time
containment control problem of multi-agent networks [40] or
multi-agent systems with time-varying delay [41].
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